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In this paper, we study the problem of selecting a sys- stochastic proceség,fg, .. .,53‘ of the random variable
tem that has the best performance or selecting one of &g are generated, ari[L (0, )] is estimated as follows:
the best systems when the objective function is the ex- N

pected performance of a complex stochastic system. J(6) =E[L(6,&)] ~ 1 LB.EY) . . . . (2
The focus here is on a huge size but finite feasible so- N i;

lution set, that is not necessarily well structured. We
consider the use of the ordinal optimization technique
that concerns with the order of the designs in the state
space rather than estimating each design alternative
accurately. We also assume that the computing cost
is limited. We discuss how to allocate the available
computational resources on the alternative designs to
maximize the probability of making a correct selection
(selecting the best or one of the best systems).

wherefé represents thégh sample of desig®, andN

is the number of replications (i.e., the number of simula-
tion runs). Then use any deterministic optimization tech-
nique to solve the alternative problem by replaciti§)

by J(8). This method requires large computational time
to do simulation runs, especially when the set of feasible
solutions is large. Therefore, this method is considered
infeasible. Several techniques are proposed to tackle this
problem. In this paper, we focus on one of these tech-
niques, particularly the ordinal optimization technique
and compare its performance with the simulated anneal-
ing algorithm in a simple practical example.

The rest of this paper is organized as follows; in Section
2, we preview a simulated annealing algorithm, in Sec-
tion 3, we review the ordinal optimization approach and
in Section 4, we present the optimal computing cost bud-
get allocation technique. In Section 5, we present numeri-

We study the discrete stochastic optimization problemstal results obtained from applying the proposed approach
where the objective function is the expected performancd® & buffer allocation problem for homogeneous asymp-
of a complex stochastic system. The problem can be extotically reliable serial production lines. We compare the

Keywords: Simulation Optimization, Optimal Comput-
ing Budget Allocation, Simulated Annealing, Ordinal Op-
timization.

1. Introduction

pressed as follows: results and computational time to results obtained by ap-
_ plying the most recent simulated annealing algorithms to
minJ(0) =E[L(6,&e), - - . - . . . . . (1) the same problem. Finally, in Section 6, we end by some

. . ) i concluding remarks.
whereL is a function of@ andég, &g is a random variable

depends on the desigh and® is the set of all potential

solution candidates or the search space, is a huge finit2 | Simulated annealing with the standard clock tech-

set and not necessarily well structure®. is said to be nique

well structured if for anyd € ©, 3 a setN(6), contains

all neighbors of6 and all alternatives can be connected Some researchers have studied the use of simulated an-

through a sequence of neighbors. This type of problemsealing to solve discrete simulation optimization prob-

can be found in many real life complex stochastic sys-lems. The simulated annealing algorithm has originally

tems such as communication, manufacturing, and othebeen proposed by Kirkpatrick et.al. [9] who use the idea

systems. of simulated annealing to solve deterministic optimiza-
When the sample spa€is small, then numeral meth- tion problems. Gelfand and Mitter [6] and Gutjahr and

ods can be used, where the objective function values irPflug [7] have proposed and analyzed the simulated an-

(1) are estimated using simulation. Random samples ohealing for solving stochastic optimization problems. Al-



refaei and Andraditir [3] have proposed another versiatepl: Generate independent samples; (0), &2(0),
of simulated annealing that is different from all other ap- ...,€,(8) from &(0) for all 6 € N(X¢) U{X} and
proaches in which it uses different criterion for estimating computely(8) as above.
the optimal solution. Alrefraei [2] proposes using the idea
of standard clock simulation combined with the simulated
annealing to reduce the simulation time. 3. The ordinal optimization technique

We present the approach of Alrefaei [2] that uses the
standard clock simulation technique for estimating sev- The ordinal optimization approach has been proposed
eral objective function values simultaneously, using oneby Ho et.al. [8] for finding a satisfactory alternative rather
sample path. The algorithm has the hill climbing featurethan obtaining an accurate estimate of each alternative.
as in the simulated annealing algorithm. It starts by an ini-The ordinal optimization is particularly used when the
tial state and then searches the neighborhood of the cupumber of alternatives is huge (systems that have large
rent state in order to locate the best states. An estimate dfumber of alternatives). The basic idea of ordinal opti-
the objective function value for each state in the neighbormization for discrete event dynamic systems is simple;
hood set of the current state are obtained simultaneouslipstead of finding the best solution, ordinal optimization
using only one simulation run. Then good states are seconcentrates on finding a good or better systems rather
lected with high probability as the next current state, otherthan trying to find the true best system. Ordinal optimiza-
states are not neglected, they are selected with probabilit§ion finds a satisfactory “good enough” solution within a

depending on the estimate of their object function valuessignificantly reduced computational time and cost. The
ordinal optimization has been implemented in many ap-

2.1. The SA algorithm plications in real-life where finding a “good enough” so-
N ) ) , lution is satisfactory. Such applications include, ecology,
Now we present the simulated annealing algorithm thal

) : ) Lir traffic control, manufacturing automation, buffer al-
uses the standard clock simulation technique, see Alrefagh-4tion in production lines, queuing networks, parallel

[2]- networks and computer performance.
step 0: Select a starting pointy = 6y € ©, let Vp(6p) = 1 To illustrate the idea of ordinal optimization, suppose
andVp(0) =0 forall 6 c ©® and@ # Xo, letk=0  We haveN alternatives ir®, whereN is a large number.
andX; = X. Let G be the “good enough” subset, af@ = g, (i.e.,G
) contains the begj states in®@ ). Let S be the selected
step 1:Generate independent sample€:1(60),&2(6),  subset from the design spa@e whereSis selected ran-

-6, (8) from £(6) for all & € N(X) U{X},  domly, such thatS = s. The quality of selection is based

simultaneously using the standard clock simulationgn the overlap oS with G. Then the probability that at

technique, computé(6) as follows: leastk of the observed designs actually belong to the top
g designs is given by:

so)= L 3 Le.g)  (9)(19)
i= | S—I

5 P(IGNS >k) = (4)
step 2: Let R(Xx) be defined as follows: i; ( N >
S
RX)= 5 exp[—c [3(8) — JI(Xk)ﬁ] ; The technique of optimal computing budget allocation
BEN(XJU{Xc} has been proposed by Chen et. al. [4] to enhance the

use of ordinal optimization. It is assumed that the total
computational budget is limited, and the problem is how
these samples are allocated to each design in order to max-
imize the probability of correct selection (CS), denoted by
P(CS). The correct selection is to select a dedigmhich

whereC is a constant used as a scaler. &gty = 0
with probability

exp| ~C[k(6) ~ 3(X0)] "]

Poo=E R(%) ) isthe actual best design or to select a set of designs that
contain the best design with very high probability.
. _ _ _ The following theorem by Chen et.al. [4] determines
step 3'{‘,31'?6_) Foje%l’l \elkéxga:]gg*;(ﬁ) +1andW(6) = the number of samples that need to be allocated for each
If Vk(xk>/F’é(Xk) > Vk(xi:—l)/ﬁ(xl:—l) then letx; = design in the design space in order to select the actual best

design with high probability.
Theorem 1:Given a total number of simulation sam-
ples TC to be allocated tk computing designs whose
Alrefaei [2] has shown that the Markov cha{iX; }, performance is depicted by random variables with means
generated by the algorithm converges almost surely to d(6,),J(6,),...,J(6k), and finite variances?, 02, .. ., 0k2
global optimal solution. If the system we are consideringrespectively. AsTC — o, the approximate probabil-
is not a Markovian so that standard clock is not applicable ty of correct selection can be asymptotically maximized
then one can replace step 1 by:

Xy, otherwise lei = X ;. If the stopping criterion
is not reached, go to step 1.



when If we take any desigrs in the above theorem where

18\ 2 S# b, we get
Ni _ [ Gi/%i ; ; H
a) N = (aj/%j) ,1€4{4,2,... )k}, andi # j #£b. (Gi/5o,i >2
i = NSv
= 05/50,3
K i
b) No = Oby/Ficaizb 5 wherei = 1,2,....k ands+ i # b. Suppose
WhereN; is the number of samples allocated to design _ 0/, 2
&, the estimated difference between the performance of Di = Os/ s

the two designgd,i = J — Ji), andJ, > maxJ; for all
i (Here we assume that we are maximizing the functionthen
1T 1N - o
J(8)). HereJ, = WizjzlL(Gl,E.J), whereé;; is a sample N=DiNs . . . . o v i .. (5

from the distribution of; for j =1,2,...,N;.
We also know that

& ¢ 1

4. Optimal computing cost budget allocation (OC- Np = N5 S@ —
Co i_fT.p 05

CBA) e

In this section, we propose a procedure that deterSuppose

mines the best allocation of simulation trials or samples
necessary to maximize the probability of correct selec- Dp=Ghs—
tion, when the budget of the total cost of simulation runs S
is limited. Suppose that it costsfor each simulation run
for designi, and we have a limited budget for the total
gost of simulation runs(,TC():. Tr;]e budget con;trairllt can No=DpNs. . . . . . . ... ..... (6

e written asz 1GNi = TC, whereN;, i =1,2,... kK is .
the number of Isamples for thh design. Since 3, GNi = TC thenNs 31, ciD; = TC where

The proof of the following theorem is given by W€ assumetha'bsf1th|S|mpI|esthastzl oD’ »and

then

Abubaker [1]. that
Theorem 2:Given a total costs of simulation runs D;TC _
TC to be allocated tok computing designs whose Ni:ki_D_, i=12... k. .. ... (7)
performance is depicted by random variables with 2j-16ibi
means J(61),J(62), ...,J(6), and finite variances To enhance the performance of ordinal optimization,

0%,03,...,07 respectively. ASTC — oo, the approx-  we combine the optimal computing cost budget allocation
imate probability of correct selection can be asymptoti-in order to allocate the number of allowed samples on the

cally maximized when competent alternatives smartly.
/% \* . . . _
) N (a-/ao'-) ,je{1,2,... . k},andi#j#b. 4.1, The OCCBA Algorithm
N; i/%,j

The OCCBA Algorithm is described as follows:

b) Ny — Ns5o,s@ G < iz . step O: Initialization:
Ts \| Coi—frzn %, 0.1: Determine the size of the subsgtlet |G| = g.
WhereN; is the number of samples allocated to design 0.2: Determine the number of initial simulation sample
0, the estimated difference between the performance of to.
the two designgd,i = Jp— ) andJ, > maxJ; for all i. 0.3: Determine the number of increment simulation
HereJ = Ni. z'j\"zlL(G., &ij), whereé;j; is a sample frong; samplesh.
forj=12...,N. 0.4: Determine the total budget of computing co<.

Remark: Chen et.al. [5] have derived a formula for the . . . .
relation betweeN; andN;,i # j # b and betweeiN, and 0.5: gft:d:rglr;eethe cost associated 10 alternath
Ni,i # b. The formula depends on the following bound for '

normal distribution; IfY is normally distributed random  0.6: Select a starting poirth € ©, let| =0, wherel is
variable with meard,; and variancer;, thenP(Y < 0) < the iteration number.

exp( & > Whenx = i 50' is large, then this bound is nostep 1: Select a subsé& of g alternatives randomly from the
i _ feasible solution sed.
good; for example ik = 1 thenP(Y < 0) = 0.15866but

exp(—x?/2) = 0.60653 step 2:LetN, =toforall 6 € GU{6 }.



step 3: Generate independent samplél%, 529, cen E’\?l , for capacity that can be allocated over all buffers is a constant
0

16cG integerl\_l. _ _ _
all € Gu{h} Machine M; is starved if bufferB;_1 is empty, and
step 4: If zgeGu{gl}CQNle > TC, then go to step 8. blocked if bufferB; is full and machineM;;1 is either

_ down, blocked, or busy. An unlimited supply of work
step 5: ComputeJ; (6), dq,,,0 andop for all 6 = GU {6} pieces is available up stream machide, and an un-
as follows: limited storage area is present downstream machine
Thus, the first machine is never starved and the last ma-
_ 1 No chine is never blocked. Machines have identical service
J(6) = NL Z\L(evfie) time distribution. A MachineVj; that is not blocked and
6 i= not starved, can handle a part of production during any
— time slot with probabilityd and fails to do so with proba-

1= argeeaa{lg}{\h (6)} bility 1— & (production lines in which machines have this
property are called homogeneous).
1 T It is assumed that the production line under considera-
o} =] -J(6 6
9.10 =34(042)=9(0), 8117 tion is homogeneous, asymptotically reliable, that is
lNg_ o) 2 d=1-¢eN . . . . . ... ... ... (8
Op = N1 li; (Jl (6)—L(6,¢ )) where0 < € < 1andA;,i = 1,...,M, is independent of

€. /\j is known as the loss parameters.

Step 6: Increase the computing budgetswnd compute the  LetLi be the cumulative losses per hour for maciihe
Lforall@ e GU{f},us- duetoits failure and let be the production rate of ma-

new budget allocatiorl, _ o
ing equations (5), (6) and (7). chineM;. If M; does not break down then the probability
B " . _ of handling a job by this machine & = 45 = 1— &
Step 7: Perform a_ddltlonamax{o, NQJr — N'9} simulations Since & = 1— eA; where0 < £ < 1, it follows that
for all designf € GU{f}. Letl «——1+1. Goto |. A ThuseA refers to the fraction between the cu-
step 4. mulative losses of machind; and the production rate of
machinelV; (i.e.,\j depends o).
Major decisions in designing production lines involve
the workload allocation and the buffer allocation prob-
Note that the parameters given in Step 0, depend on théems with respect to an objective function such as, the
availability of resources and the way the user would like toprofit maximization or the production rate maximization
proceed. An appropriate setting is to divide the simulationfor a given total buffer capacity. Our objective in this ex-
to more than 30 iterations. Using the ordinal optimizationample is to find the optimal buffer allocations in order to
technique in step 1, makes the problem easier and accethaximize the average production rate of the production
erates the process of reaching the optimal solution. Thdine.
OCCBA technique is used in steps 4-7 to select a good Assume we havé machines and/ — 1 buffers, and
alternative fromGU {6} as the next current alternative, the total buffer capacities . Then we need to find the
the procedure continues until termination is reached.  optimal vectorf = (N?,... ,N§_;) € © that maximizes
PRu(8) given thaty M 1Nf = N, whereO is the fea-
sible region andPRy (60) is the mean production rate of

Step 8: If the stopping criteria is not reached, $&t= 6,
| =0andgotostepl

S. Numerical example a production line consisting d¥l machines and — 1
) , buffers that is related to desigh Nie is the capacity of
We consider the buffer allocation problem for homoge- yfer B; related to desigr®, i = 1,....,M — 1. For any

neous asymptotically reliable serial production lines. Theg O, we can estimate the production rate that depends
machines of production lines are assumed to have a poss; the service time, and &=Prob{V; is working) for all
itive probability of working and a positive probability of  _ 1,...,M. We assume that the service time is fixed for
failure. The proposed algorithm is applied in production g designs and equals one unit time. In other words, the
lines to select the best design that has the maximum progystem changes its state at discrete points. To generate
duction rate when the total buffer capacities are given.g, estimate of the production raf&Ry (6), we generate
Since the set of feasible solutions is well structured inui € Uniform(0, 1], if uj < & then machiné; is working,
this example, we can use also simulated annealing, SO Wgtherwise the machine is not working, for e 1,..., M.
compare the performance of these two algorithms on this e apply OCCBA Algorithm for production lines with
example. _ o _ five machinedvii, i =1,2,...,5, (M = 5) and loss param-
The Buffer allocation model, we consider is descrlbedeters/\i, i =1,2,...,5, respectively, see Table (1), where

sists ofM machinesM;,i = 1,...,M, andM —1 buffers  ,sing Equation (8), for all=1,2,...,5, wheres = 0.01,
Bj, j =1,...,M—1of finite capacity. Itis assumed that (see Table (2)).
each buffer stores at least 1 unit and that the total buffer
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0.94
31 24 15 44 35 (S
0.93
Table 1. The loss parameters for the numerical example.
0.92
PR
[ 3 [ [ s 0.91 -
€=001]|0969 0.976 0.985 0.956 0.965 _
0871 ~—OCCBA
Table 2. &,i=1,2...,5, fore =0.1and 0.01. - SA
0.89 . ‘ . . .
0 5 10 15 20 25

Iteration

The number of designs in the state space can be com-
puted by considering distributiniy units onB buffers
spaces, which can be considered by pladihg 1 bars

. . : Fig. 1. The Production rate obtained when OCCBA Algo-
in to the spaces between theunits; this can be done by 9 ueson't nee w g

N_1 rithm and SA Algorithm are applied for 5 machines
( - ) ways. Therefore the number of different al-

B-1
ternative designs is:
(N—1)! tions and in each iteration we use the ordinal optimization
O] = NoBiB-D (9)  to select a seB of 72 designs (i.eg = 72), and use opti-

mal computing budget allocation to select the best design,
whereN is the total buffer capacitie® is the number of  whereTC = 73 000, A = 200andty = 100. In SA Algo-

buffers (i.e.M —1). rithm we use the neighborhood structitéd), given by
In this example, we assume thdt= 15then we have  Equation (10).
364 alternatives designs @. Figure (1) shows the pro- |t is also clear from Figure (2) that the optimal

duction rate when we apply OCCBA Algorithm and com- computing budget allocation algorithm behaves better
pare its performance with the performance of SA Algo-than the simulated annealing algorithm. The opti-
rithm. We repeat the implementation for 25 iterations andmal vector obtained by the proposed methoddis=

in each iteration, we use the ordinal optimization to se-(2,2 33,2 3,2,2 1) with production rate (0.909586).
lect a seiG of 12 designs (i.e.g = 12), and use optimal The convergence time of OCCBA is 32 minutes and 26
computing budget allocation to select the best design. Weeconds, but for SA is 144 minutes and 57 seconds. By
assume that the total number of samples@= 13,000  applying the procedure of Lim et.al. [10] on the same

with equal cost, the incremeat= 50and the initial sam-  vector8* we obtain the production rate of (0.911766).
ple sizeto = 20. We use SA Algorithm with the following

neighborhood structure: the neighborhood of any design
6 can be obtained by moving one buffer slot to another

buﬁer, i.e., 0.91 -
N@B)={6 €0©:3i,je{L2,....B} . . .(10) 0.9 1
wherei # j suchthad’ =6+ —¢}, V0 € © 0.86 -

wheresg is a unit vector whoséh term is 1. It is clear
from Figure (1) that the optimal computing budget alloca- PR 0.88 -
tion locate the optimal solution faster than the simulated
annealing. The optimal vectd = (3,3,4,5) with pro-
duction rate (0.938456). OCCBA takes 9 minutes and 54 0864 [
seconds, but SA takes 32 minutes and 2 seconds to con
plete the whole course of simulation. Convergence time 0.85 w . w .
of OCCBA takes 6 minutes and 13 seconds, but SA take: 0 10 20 30 40
24 minutes and 37 seconds. Iteration

Now, we consider a larger size problem by increasing
the number of machines ¥ = 10with B = 9 buffers, and
a total buffer capacitie = 20and loss parameters vector
(/\i, i=1,.. .710) is given by (3.1, 2.4, 1.5, 4.4, 3.5, 1.2, Fig.' 2. Proqluction rate by_OCCBA Algorithm and SA Al-
5.3, 2.9, 1.9, 2.5). By formula (9) we haj@| = 75,582 gorithm ,4,1=1,2...,10with £ = 0.01
designs. Figure (2) depict the result when the two algo-
rithms are applied. We repeat the algorithms for 35 itera-

0.87 A




6. Conclusion Annealing, Simulation and Optimization of Queuing Networks.
Statistical Selections.

We have presented an algorithm that can be used to solwhmad Asad Abubaker is currently a lecturer at the College of

stochastic optimization problems even if the feasible so-Computer and Information Science at Al-Imam Muhammad Ibn

lution set is not well structured. This algorithm is able Saud Islamic University. He has received his MSc. in Mathemat-

to locate one of the best alternatives with high probabil-'¢S from the Jordan University of Science and Technology. His

ity. The proposed algorithm consists of two Sequentialreseamh interests includes Statistical Selection and Optimization
) . . . S of Queuing Networks.
stages; in the first stage, the ordinal optimization tech-

nique is used to select a small subset from the state space.
The optimal computing cost budget allocation (OCCBA)

is used to optimally allocate the available computational
budget in order to select the best state from the small sub-
set with high probability. Other states are then replaced
by newly generated states, the procedure is repeated un-
til the available budget is used. The ordinal optimization
technique is used to reduce computational time and cost
since it is concerned with the ordinal rather than cardinal-
ity of alternative designs. We compare the performance
of the proposed algorithm with the performance of a ver-
sion of the simulated annealing algorithm. It is clear on
this example, the proposed algorithm performs well and
locate a solution faster.
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